
Théorie des goupilles de raquette Théorie avancée

Cas sans glissement 

Théorie des goupilles de raquette

Théorie avancée des goupilles de raquette

Cas d'une absence de glissement entre spiral et goupille

Caractéristiques du spiral avec une spire externe semi-circulaire

Référence :E:\Résonateur (TA)\Data\Bal_spiral plat (ex num).mcd(R)

Dimensions ép 0.03mm= ha 0.15mm= S 4.5 10
3−

× mm
2

=

d2sp 4.52mm= d1sp 1.1mm= psp 0.135mm= nsp 12.667=

Lsp 11.182 cm= ψ0 2 π⋅ nsp⋅:= ψ0 4.56 10
3

× deg= E 2.093 10
11

× m
-2

N=

Position du piton rP 0.5 dpiton⋅:= αP 0:= xP rP cos αP( )⋅:= yP rP sin αP( )⋅:=

xP 2.55mm= yP 0mm= zP xP i yP⋅+:=

Position du point

d'attache à la virole
rV 0.5 d1sp⋅:= αV θ( ) ψ0 θ+:= xV θ( ) rV cos αV θ( )( )⋅:= yV θ( ) rV sin αV θ( )( )⋅:=

Position du point de raccordement

sur le spiral
αA 180 deg⋅:= rA 0.5 d2sp⋅:= zA rA e

i αA⋅
⋅:=

Spire externe formée 

d'un demi-cercle
R0 rP:= x0t αt( ) R0 cos αt( )⋅:= y0t αt( ) R0 sin αt( )⋅:= z0t αt( ) R0 e

i αt⋅
⋅:=

st αt( ) R0 αt⋅:= lt st αA( ):= lt 8.011mm=

Forme initiale du spiral

a
psp

2 π⋅
:= rs α( ) rA a α αA−( )⋅−:= x0s α( ) rs α( ) cos α( )⋅:= y0s α( ) rs α( ) sin α( )⋅:=

ss α( )
1

2 a⋅
rA
2

rs α( )
2

−



⋅:= ss α( ) rA α αA−( )⋅

a

2
α αA−( )2⋅−:= Lt ss ψ0 αA+( ) lt+:=

Lt 11.983 cm=
Position angulaire des goupilles par rapport au piton:

ε 0.06:= sg ε Lt⋅:= sg 7.19mm= αg

sg

R0

:= αg 161.548 deg=

Amplitude stationnaire du balancier θ0 270 deg=

Position radiale de la goupille pour une élongation de contact donnée

Première approximation de la déformée de la spire externe entre piton et goupille θ1 20 deg⋅:=

x0g αg( ) R0 cos αg( )⋅:= y0g αg( ) R0 sin αg( )⋅:=

ξ0g αg( )
R0

αg

sin αg( )⋅:= η0g αg( )
R0

αg

1 cos αg( )−( )⋅:=

β arctan
x0g αg( ) ξ0g αg( )−( )−

y0g αg( ) η0g αg( )−









π+:=

Jeu entre spiral et goupille au repos j
ε y0g αg( ) η0g αg( )−( )⋅

cos β( )
θ1⋅:= j 0.06mm=
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Calcul de la matrice Dg

Calcul à partir de la première approximation de la déformée

z1t θ αt,( ) zP

Lt R0⋅

Lt θ R0⋅+
exp i αt⋅

Lt θ R0⋅+

Lt
⋅









1−








⋅+:=

x1 θ α,( ) Re z1t θ α,( )( ):= y1 θ α,( ) Im z1t θ α,( )( ):= EI E Is⋅ N
1−

⋅ m
2−

⋅:= EI 7.063 10
8−

×=

ξ1g αg( ) 1

αg 0

αg

αx1 θ0 α,( )
⌠

⌡

d⋅:= η1g αg( ) 1

αg 0

αg

αy1 θ0 α,( )
⌠

⌡

d⋅:=

p21g αg( ) 1

αg 0

αg

αx1 θ0 α,( )2
⌠

⌡

d⋅:= q21g αg( ) 1

αg 0

αg

αy1 θ0 α,( )2
⌠

⌡

d⋅:=

k1g αg( ) 1

αg 0

αg

αx1 θ0 α,( ) y1 θ0 α,( )⋅
⌠

⌡

d⋅:=

d111 αg( ) q21g αg( ) m 2−
⋅:= d122 αg( ) p21g αg( ) m 2−

⋅:= d133 αg( ) 1:= R0 R0 m
1−

⋅:=

d112 αg( ) k1g αg( )− m
2−

⋅:= d113 αg( ) η1g αg( ) m 1−
⋅:= d123 αg( ) ξ1g αg( )− m

1−
⋅:=

D1g αg( )
R0 αg⋅

EI

d111 αg( )
d112 αg( )
d113 αg( )

d112 αg( )
d122 αg( )
d123 αg( )

d113 αg( )
d123 αg( )

1













⋅:= D1g αg( )
0.277

0.035−

152.033

0.035−

0.277

26.646−

152.033

26.646−

1.018 10
5

×













=

Approximation à partir de la forme naturelle du spiral

p20g αg( )
R0

2

2 αg⋅
αg

sin 2 αg⋅( )
2

+








⋅:= q20g αg( )
R0

2

2 αg⋅
αg

sin 2 αg⋅( )
2

−








⋅:= k0g αg( )
R0

2

2 αg⋅
sin αg( )2⋅:=

d11 αg( ) q20g αg( ) m 2−
⋅:= d22 αg( ) p20g αg( ) m 2−

⋅:= d33 αg( ) 1:=

d12 αg( ) k0g αg( )− m
2−

⋅:= d13 αg( ) η0g αg( ) m 1−
⋅:= d23 αg( ) ξ0g αg( )− m

1−
⋅:=

Dg αg( )
R0 αg⋅

EI

d11 αg( )
d12 αg( )
d13 αg( )

d12 αg( )
d22 αg( )
d23 αg( )

d13 αg( )
d23 αg( )

1













⋅:= Dg αg( )
0.366

0.012−

179.392

0.012−

0.296

29.138−

179.392

29.138−

1.018 10
5

×













=

Calcul des formes quadratiques

Delta αg( ) sin αg( ):= γ αg( ) cos αg( ):= x0g αg( ) R0 cos αg( )⋅:= y0g αg( ) R0 sin αg( )⋅:=

H αg( )
R0

αg

1 cos αg( )−( )⋅:= J αg( )
R0

αg

αg sin αg( )−( )⋅:=

V1 αg( ) γ αg( ) Delta αg( ) 0( )T:= V2 αg( ) Delta αg( ) γ αg( )− R0−( )T:=
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W1g1 αg( ) 1 s
2

⋅ kg
1−

⋅

2
V1 αg( )T⋅ D1g αg( )⋅ V1 αg( )⋅:= W1g1 αg( ) 0.149 kg

-1
s
2

⋅=

Wg1 αg( )
R0

3

4 E⋅ Is⋅
αg sin αg( ) cos αg( )⋅−( )⋅:= Wg1 αg( ) 0.183 kg

-1
s
2

⋅=

W1g2 αg( ) 1 s
2

⋅ kg
1−

⋅

2
V2 αg( )T⋅ D1g αg( )⋅ V2 αg( )⋅:= W1g2 αg( ) 0.4 kg

-1
s
2

⋅=

Wg2 αg( )
R0

3

4 E⋅ Is⋅
3 αg⋅ sin αg( ) cos αg( ) 4−( )⋅+ ⋅:= Wg2 αg( ) 0.405 kg

-1
s
2

⋅=

W1g3 αg( ) 1 s
2

⋅ kg
1−

⋅

2
V1 αg( )T⋅ D1g αg( )⋅ V2 αg( )⋅:= W1g3 αg( ) 0.209 kg

-1
s
2

⋅=

Wg3 αg( )
R0

3

4 E⋅ Is⋅
1 cos αg( )−( )2⋅:= Wg3 αg( ) 0.223 kg

-1
s
2

⋅=

Vg αg( ) R0 sin αg( )⋅ R0− cos αg( )⋅ 1( )T:=

W1c2 αg( ) 1 kg⋅ m
2

⋅ s
2−

⋅

2
Vg αg( )( )( )T⋅ D1g αg( ) 1−

⋅ Vg αg( )⋅:= W1c2 αg( ) 2.358 10
5−

× m
2
kg s

-2
⋅⋅=

∆g αg( )
R0

4

4 αg
3

⋅
αg sin αg( )−( )⋅ αg αg sin αg( )+( )⋅ 4 1 cos αg( )−( )⋅− ⋅:= ∆g αg( ) 1.237mm

4
=

Wc2 αg( )
E Is⋅ R0

3
⋅

8 ∆g αg( )⋅ αg
3

⋅
3 αg

2
⋅ 2 αg⋅ sin αg( )⋅ 2 cos αg( )+( )⋅− 1 cos αg( )−( ) 1 7 cos αg( )⋅−( )⋅−



⋅:=

Wc2 αg( ) 3.741 10
5−

× m
2
kg s

-2
⋅⋅=

Coefficient de frottement limite

F1 αg( )
H αg( ) W1g3 αg( )⋅ J αg( ) W1g1 αg( )⋅−

H αg( ) W1g2 αg( )⋅ J αg( ) W1g3 αg( )⋅−
:= F1 αg( ) 0.131=

F αg( )
H αg( ) Wg3 αg( )⋅ J αg( ) Wg1 αg( )⋅−

H αg( ) Wg2 αg( )⋅ J αg( ) Wg3 αg( )⋅−
:= F αg( ) 0.104−=

F αg( )
αg

2
− αg sin αg( )⋅ 1 cos αg( )+( )⋅+ 1 cos αg( )−( ) 1 3 cos αg( )⋅−( )⋅+

1 cos αg( )−( ) 2 cos αg( )+( ) αg⋅ 3 sin αg( )⋅− ⋅
:= F αg( ) 0.104−=

αsg 151 deg⋅:= αsg racine F αsg( ) αsg,( ):= αsg 151.277deg=

α1sg 175 deg⋅:= α1sg racine F1 α1sg( ) α1sg,( ):= α1sg 175.718deg=

αm 31 deg⋅ 32 deg⋅, 240 deg⋅..:=
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0 25 50 75 100 125 150 175 200 225 250

1

1

2

3

4

0.1−
0.1

F αm( )
F1 αm( )

αsg deg
1−

⋅ α1sg deg
1−

⋅

αm deg
1−

⋅

Réaction normale à la goupille

Coefficient de frottement µg 0.1:=

F1gn θ αg,( )
ε H αg( )⋅ θ θ1−( )⋅

2 W1g1 αg( ) µg W1g3 αg( )⋅−( )⋅
:= F1gn θ0 αg,( ) 1.8 10

3−
× N=

Fgn θ αg,( ) ε θ θ1−( )⋅
2 E⋅ Is⋅

R0
2

⋅
1 cos αg( )−

αg αg sin αg( ) cos αg( )⋅− µg 1 cos αg( )−( )2⋅−



⋅

⋅:=

Fgn θ0 αg,( ) 1.434 10
3−

× N=

Accroissement de l'angle polaire de la tangente au spiral au point de contact

Ν1 αg( )
E Is⋅

2 R0⋅ αg⋅ W1c2 αg( )⋅
:= Ν1 αg( ) 0.208=

Ν αg( )
E Is⋅

2 R0⋅ αg⋅ Wc2 αg( )⋅
:= Ν αg( ) 0.131= ϕsg θ αg,( ) ε θ θ1−( )⋅ Ν αg( ) 1−( )⋅:=

∆ϕg ε θ0 θ1−( )⋅ Ν αg( )⋅:= ∆ϕg 1.969deg= ∆ϕg ε θ0 θ1−( )⋅ Ν1 αg( )⋅:= ∆ϕg 3.125deg=

Sans goupille ∆ϕ θ0

R0 αg⋅

Lt
⋅:= ∆ϕ 16.2deg=

Perturbation de marche dans le cas de deux goupilles

φ1 θ1 θ0,( ) arcsin
θ1

θ0









θ0− θ1≤ θ0≤( )⋅
π

2
θ1 θ0>( )⋅+

π

2
θ1 θ0−<( )⋅−:=

φ2 θ2 θ0,( ) arcsin
θ2

θ0









− θ0− θ2≤ θ0≤( )⋅
π

2
θ2 θ0−<( )⋅+

π

2
θ2 θ0>( )⋅−:=
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δ1 θ1 θ0,( ) ε−

4 π⋅
π 2 φ1 θ1 θ0,( )⋅− sin 2 φ1 θ1 θ0,( )⋅( )−( )⋅:=

δ2 θ2 θ0,( ) ε−

4 π⋅
π 2 φ2 θ2 θ0,( )⋅− sin 2 φ2 θ2 θ0,( )⋅( )−( )⋅:=

Spiral à égales distances des goupilles en position d'équilibre: θ2 θ1−:=

Théorie élémentaire

δ1 θ1 θ0,( ) 0.014−= δ2 θ2 θ0,( ) 0.014−= φ1 θ1 θ0,( ) 0.074= φ2 θ2 θ0,( ) 0.074=

µ1 θ0 θ1,( ) 86400− δ1 θ1 θ0,( ) δ2 θ2 θ0,( )+( )⋅:= µ1 θ0 θ1,( ) 2.348 10
3

×= µél θ0( ) µ1 θ0 θ1,( ):=

Théorie avancée

µ1ta θ0( ) µ1 θ0 θ1,( ) 1 Ν1 αg( )−( )⋅:=

µta θ0( ) µ1 θ0 θ1,( ) 1 Ν αg( )−( )⋅:=

θm 1 deg⋅ 2 deg⋅, 300 deg⋅..:=

0 50 100 150 200 250 300
500

0

500

1000

1500

2000

2500

0

µél θm( )
µ1ta θm( )
µ ta θm( )

θm

deg

Réglage par la raquette

l αg( ) R0 αg⋅:=

δ1 θ1 θ0, αg,( ) 1−

4 π⋅

l αg( )
Lt l αg( )−
⋅ 1 Ν αg( )−( )⋅ π 2 φ1 θ1 θ0,( )⋅− sin 2 φ1 θ1 θ0,( )⋅( )−( )⋅:=
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µta θ1 θ0, αg,( ) 86400− 2 δ1 θ1 θ0, αg,( )⋅( )⋅:=

αm 60 deg⋅ 70 deg⋅, 180 deg⋅..:=

60 80 100 120 140 160 180
500

1000

1500

2000

2500

3000

µ ta 0 deg⋅ θ0, αm,( )
µ ta 10 deg⋅ θ0, αm,( )
µ ta 20 deg⋅ θ0, αm,( )
µ ta 30 deg⋅ θ0, αm,( )

αm

deg
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